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I. INTRODUCTION

W
ITH the promise of gaining access to a huge unlicensed bandwidth, which is available in the optical domain of the electromagnetic spectrum, the research of Optical Wireless (OW) communications intensified during the past decade or so [1] . Apart from the substantial amount of research on the infrared region of the optical spectrum [2] , [3] , as a benefit of the rapid development of solid-state lighting, high data rate Visible Light Communication (VLC) combined with advanced illumination has become a reality in indoor scenarios [4] - [6] . Specifically, the Light-Emitting Diodes (LEDs) exhibit a high energy efficiency and additionally they are capable of exploiting a vast unregulated spectrum. Extensive investigations have been dedicated to the physical layer of VLC [7] - [11] , as also indicated by the IEEE 802.15.7 standard ratified for shortrange visible light wireless communication [12] . As far as the network level of our VLC system is concerned, stand-alone VLC networks may exhibit some potential drawbacks, such as for example: 1) VLC networks perform poorly in nonline-of-sight scenarios owing to the predominantly Line-OfSight (LOS) propagation of light; 2) In VLC networks, each optical Access Point (AP) illuminates only a small confined cell compared to cellular RF networks; 3) VLC networks fail to provide convenient Up-Link (UL) coverage at the current-stateof-the-art. To overcome the above drawbacks, it is necessary to develop cooperative Heterogeneous Networks (HetNets), which additionally rely on Radio Frequency (RF) techniques as a complementary extension. As a result, the widely used Wireless Fidelity (WiFi) network may be invoked as a cooperative partner of the VLC networks in indoor scenarios. As mentioned above, the proposed hybrid VLC/WiFi system is capable of providing high-data-rate connections as well as a seamless reliable coverage [1] . Compared to the traditional WiFi-only and VLC-only systems, the integration of VLC and WiFi is expected to significantly improve the aggregate throughput, which has been shown both by analytical and simulation results in [13] and the independent efforts disseminated in [14] led to similar conclusions. This motivates our research of the hybrid VLC/WiFi system by investigating fair and efficient cooperative Load Balancing (LB), where a salient problem is the appropriate formation of VLC cells.
There is a paucity of studies on the formulation of VLC cells, although recently some valuable studies were disseminated in the context of a stand-alone VLC-only system. In particular, the authors of [15] discussed Fractional Frequency Reuse (FFR) for VLC cells and subsequently a joint transmission regime was derived in [16] for VLC cells. 1 On the other hand, LB constitutes one of the fundamental problems, which in fact affects all cooperative multi-rate HetNets. Broadly speaking, this problem can be formulated as the constrained optimization of a carefully selected utility function [17] . Substantial related work has been undertaken based on this problem in RF networks [18] - [25] . Specifically, the authors of [18] investigated diverse technical approaches to the LB problems of HetNes and provided valuable design guidelines for OFDMA-based cellular systems. Moreover, the authors of [19] - [21] proposed centralized solutions, which rely on a centralized resource manager, while the authors of [22] - [25] addressed the LB problems of cellular networks with the aid of distributed algorithms. More particularly, Burchardt et al. [22] introduced a fuzzy logic based system, while Heliot et al. [23] proposed the employment of the Newton-Raphson-based method. However, both of them considered a homogeneous single-network scenario, rather than a VLC/RF HetNet scenario. As a further advance, in [24] , [25] the LB problem of a RF-based HetNet was solved by using the dual decomposition approach and provided a near-optimal solution at a low complexity. However, the LB problem of VLC-based HetNets has remained to a large extent hitherto unexplored [26] , especially when combined with various VLC cell formations.
Against The rest of this paper is organized as follows. Our hybrid system model and the various cell formations considered are presented in Section II.
Our methodology for solving this LB problem, including both the centralized as well as its decomposed/distributed counterpart are described and evaluated in Section III and Section IV, respectively. Finally, Section V offers our conclusions.
Notation: Bold variables are used to denote vectors, matrices or sets, while regular Roman characters are used for general parameters.
II. SYSTEM MODEL
A hybrid VLC/WiFi Down-Link (DL) system model is considered, where the IEEE 802.11 Wireless Local Area Network (WLAN) is complemented by an optical network. The hybrid network has a set of VLC APs as well as a WiFi AP, but this scenario may be readily extended to other AP configurations. More explicitly, each VLC AP relies on an LED lamp constructed from several LEDs. Let us first discuss a range of VLC cell formations in this section before investigating our LB problems.
A. Link Characteristic
For a given transmitted optical power P t of each VLC AP, the average optical power P r received by a photodetector is the sum of the power received from all the corresponding transmitting VLC APs within its vicinity, which is hosted in the set S and it is given as
2 Since our major concern is that of investigating various VLC cell formations and finding an efficient LB solution for this hybrid system, some of the practical VLC channel characteristics have been simplified. The optical channel of (2) may be widely adopted, when considering a Lambertian source in indoor optical wireless scenarios. Our algorithm is a generic one, which may be readily adapted to other types of optical channels. According to [3] , [27] , by dropping the index i without loss of generality, the optical channel's total Direct Current (DC) attenuation from each VLC AP to the receiver is given by
where the Lambert index m depends on the semi-angle φ 1/2 at half-illuminance of the source, which is given by m = −1/ log 2 (cos φ 1/2 ). D PA is the detector's physical area for a Photo-Diode (PD), r is the distance between the VLC transmitter and the receiver, φ is the angle of irradiance, ψ is the angle of incidence and ψ F represents half of the receiver's Field-OfView (FOV). In a direct LOS path, the irradiant angle equals to the incident angle. Still referring to (2), T s (ψ) and g(ψ) denote the gain of the optical filter and of the optical concentrator employed, respectively, while g(ψ) can be written as [3] 
where n is the refractive index of a lens at a PD. Our parameter values are summarized in Table I . According to [6] , the average received power including all reflections may be negligible compared with the direct received average power of the LOS path. Therefore we may ignore the reflected optical power for simplicity and consider only the LOS-power as the desired received power. As a result, when the incoming optical radiation having an average power P r impinging on a photodetector, the electronic current generated by the photodetector is given by
where γ [A/W] denotes the photodetector's responsivity. Let us now define the Signal to Interference plus Noise Ratio (SINR) as the aggregate electronic power received from signal set S S ⊆ S over the noise power in a bandwidth of B [MHz] [5] plus the sum of the electronic power received from other optical sources in interference set S I , which is the complementary set of S S . Since the corresponding electronic power is proportional to the square of the amplitude of the electronic current, we can write the SINR as
where N 0 [A 2 /Hz] is the noise power spectral density dominated by the shot noise N shot [6] , given as N 0 ∼ = N shot = qI a (P r ) ∼ 10 −22 , where q denotes the electron charge and I a (P r ) is the photo-current at the receiver [5] , which relies on the received power. The expression in (5) is in its common form and it will be different for each of the VLC cell formations, which are discussed next.
B. Regular Cell Formation
1) Unity Frequency Reuse:
The most straightforward way of constructing a VLC cell is to simply assume that each VLC AP illuminates an individual cell, which corresponds to adopting Unity Frequency Reuse (UFR) across all cells. Fig. 1(a) shows the UFR design, where each single VLC AP illuminates an individual cell and the same frequency f is reused across all cells. The shaded areas represent the Inter-Cell Interference (ICI) imposed by the LOS ray conveying different information and arriving from the neighbouring cells at the cell edge. For the triangular point shown in Fig. 1(a) , the SINR is given by
which shows that ICI arrives from all the other three neighbouring cells in this scenario. If the FOV was sufficiently narrow, the ICI may be mitigated since the user can only receive data from a single VLC AP. However, this would potentially lead to isolated "coverage islands" and "coverage holes," which consequently may result into frequent horizontal handovers and outage event, when the DL user is walking between VLC APs, since the user will experience dramatic performance degradation in the area without LOS coverage.
2) Non-Unity Frequency Reuse: Following the traditional cellular design principle, non-unity Frequency Reuse (FR) patterns may be employed for reducing the ICI, while each VLC AP still functions as an individual cell. Since the first-tier neighbouring cells contribute most of the ICI, while the secondtier cells generally have a negligible influence, an FR factor of two may be used. For the triangular point shown in Fig. 1(b) , the SINR is given by
Hence, the ICI emanating from the neighbouring cells B and C can be removed. Although this is an appealingly simple solution, when using an FR factor larger than one, the system has to obey the classic trade-off between reduced Bandwidth Efficiency (BE) and improved cell-edge SINR. In fact, supporting mobility is the most grave problem associated with nonunity FR during VLC cell formation, since switching between frequencies every few meters during the user's movement degrades the user experience. This is also the reason for not considering FFR [15] , which exhibits a more elaborate frequency planning and triggers even more frequent handovers.
C. Merged Cell Formation
To reduce the size of the ICI-infested areas, whilst improving the mobility, several neighbouring cells can be merged into a large multi-AP cell, where advanced transmission techniques may be employed in their overlapping areas. In the following, we use UFR across multi-AP cells for simplicity, although nonunity FR might be also used.
1) Combined Transmission:
In this arrangement, each individual VLC AP of a multi-AP cell conveys the same information on the same visible carrier frequency in their overlapping areas. In Fig. 1(c) , A and B are merged into a 2-AP cell and transmit identical signals in their overlapping area as a single source, which we refer to as Combined Transmission (CT). Thus the potential ICI is beneficially turned into useful signals which may be combined and the original cell edges of Fig. 1(a) become the cell centers of Fig. 1(c) . For the triangular point shown in Fig. 1(c) , the SINR is given by
Although the SINR may be enhanced, CT results in a reduced BE, since only a single user is served at a time by several APs in the overlapping area within a merged cell.
2) Vectored Transmission:
To eliminate the BE-reduction imposed by CT, Zero-Forcing (ZF)-based Vectored Transmission (VT) techniques can be employed for serving multiple users at the same time in the overlapping area. The underlying principle of ZF-based VT is to totally eliminate the ICI at the multiple transmitters, so that the multiple users receive mutually interference-free signals.
To elaborate a little further, let n α denote the number of APs in a merged n α -AP cell and a vector of U users are served simultaneously within the overlapping area. Let further x t ∈ R U ×1 and y r ∈ R U ×1 denote the vectors of transmitted and received signals, respectively. By using VT, we have
where n includes both the noise and the ICI received from the neighbouring merged cells, while the channel-matrix H ∈ R U ×n α hosts the DC attenuations between U users and n α APs.
Furthermore, the matrix G = H H (HH H ) −1 obeys the ZF criterion, which hence results in a beneficial ICI-free identity matrix for HG = I U . Finally, the matrix Ω is introduced to enforce the per-AP power constraints. According to [28] , we have
where G(α, :) is the αth row of G. As a result, the SINR of a particular user may be written as
In general, to facilitate VT from n α APs to U users, both the (U × n α )-element DC attenuation matrix and the users' data have to be shared amongst the n α APs [29] . For VLC channels, the requirements may be readily satisfied, since the VLC users are predominantly stationary. This is similar to the successful employment of ZF-based Transmit Pre-Coding (TPC) techniques, which is referred to as VT in the stateof-the-art Digital Subscriber Line (DSL) based G.fast system (Recommendation ITU-T G.9701) invoked for coping with the Far End Cross Talk (FEXT) between twisted pairs.
As an example, in Fig. 1(d) , A and B form a VT-aided 2-AP cell and two users are served simultaneously in the originally ICI-infested areas. For the paired points shown in Fig. 1(d) , the SINRs are given by
D. Area Spectral Efficiency
To gain further quantitative insights, Fig. 2 illustrates both the classic BE surface and the Mean Bandwidth Efficiency (MBE) of different VLC cell formations. The BE is calculated as
where accounts for the loss of resource under utilisation of CT, which is 0.9122 and 0.8737 when the FOV is 120
• and 125
• under our simulation setup, respectively. 4 In our simulations, a 15 m × 15 m × 3 m room model is considered, including 4 × 4 uniformly distributed optical APs at a height of 2.5m. The parameters of the VLC APs are summarized in Table I . Compared to UFR as shown in Fig. 2(a) , a FR of two sufficiently reduces the ICI-contaminated areas, but results into a significantly reduced BE as shown in Fig. 2(b) . By contrast, all of our proposed merged cell formations shown in Fig. 2(c) -(e) improve the MBE, as suggested by Fig. 2(f) . More explicitly, when a 2-AP cell is created, the MBE of VT is only marginally better than that of CT. However, when forming all VLC APs as a single cell, a substantial MBE improvement can be achieved with the aid of VT, since the resultant system becomes reminiscent of a large-scale Multi-Input Multi-Output (MIMO) system.
III. METHODOLOGY
Let us now determine the optimum LB for a set of users in this hybrid VLC/WiFi system by taking into account various VLC cell formations. We would like to introduce some notations first. Let C be the set of the single-AP or multi-AP VLC cells, where |C| = C is the number of cells. In this section, we illustrate our methodology in the UFR scenario, which can be readily extended to other cell formations. W denotes the set of the WiFi APs and we have |W | = 1. At the same time, the users of the set U are assumed to be uniformly distributed at random in this hybrid VLC/WiFi system. Since each user has a limited FOV, they can only communicate with each other using VLC, if one or more optical APs reside within the FOV of the user. Let R VLC be the matrix of throughput between the VLC cells α and the user μ, which is defined as R VLC = (r αμ : α ∈ 4 In Fig. 2(c) , is given by
where Ds and Dmc denote the area of the shaded areas within the merged 2-AP cell and the total area of the merged cell, respectively. C, μ ∈ U ). Let furthermore R WiFi = (r αμ : α ∈ W , μ ∈ U ) be the matrix of throughput allocated by the WiFi AP to the user μ.
The LB problem is a connection level issue, which can be performed according to the connection level statistics [20] . Since no fast-fading is experienced in VLC propagation, as long as the users' positions remain static, the channel information does not change. When considering a low-mobility indoor scenario, the coherence time of WiFi propagation is sufficiently long. Hence, both the VLC and WiFi propagation changes slowly in the given period. The required channel information only has to be collected infrequently before activating this optimization procedure. As a result, we consider a static system without the arrival of new users and the departure of existing users. In general, this resorts to the NUM framework [17] and three methodologies will be employed in this section. We commence with an exact non-linear formulation and then discretize this non-linear formulation. Furthermore, we come to the classic distributed algorithm, which is capable of approaching the performance of the near-optimal centralized solution.
A. Centralized Approach
Our objective is to find the optimal LB using the Objective Function (OF) of maximizing the sum of all users' utility functions under the PF constraints [20] in this hybrid VLC/WiFi system, which is ultimately a joint association control and resource allocation problem. In this context, the authors of [30] have shown that we can achieve proportional allocation by optimizing the OF of:
where β μ is the actual throughput allocated to a user μ. The logarithm of β μ may be interpreted as the utility function of a user, as argued for example in [31] . At this stage, a binary variable x αμ is introduced to indicate, whether the user μ is assigned to the AP α, where we have x αμ = 1 if μ and α do have a connection, while 0 otherwise. Note that α may denote either a certain VLC cell or the WiFi AP, namely α ∈ C ∪ W in this section. Hence, the actual throughput β αμ of the user μ allocated by the AP α may be expressed as x αμ r αμ p αμ , where p αμ is a fractional variable between 0 and 1, which is denoted as the proportion of time that α is allocated to μ. For a given user μ, the total actual throughput becomes
By substituting (15) into the OF of (14), we have
Since only a single AP α is assigned to a given user, i.e., we have x α μ = 1, we can write: log α x αμ r αμ p αμ = α x αμ log(r αμ p αμ ). Therefore (16) may equivalently be written as
Several optimization constraints may be formulated based upon various assumptions as well as on a range of practical limitations. The mathematical formulation of this maximization problem becomes:
Firstly, for each user μ, there is one and only one AP α to satisfy x α μ = 1 for an extended period of time. At this stage, we do not impose any constraint on the users' resource demand, hence all the users may either connect to the VLC APs or to the WiFi AP. Secondly, each AP has to request resources confined to its maximum capacity. By contrast, for the DL WiFi AP, the available normalized capacity is assumed to be less than p DL instead of 1, because it may allocate (1 − p DL ) of its total resources for example to the uplink. Furthermore, p DL may be set up as any feasible value between 0 and 1 according to the specific system design and traffic requirements. Finally, the variable x αμ should be binary, while p αμ is a real value between 0 and 1. As a result, the above problem represents an MixedInteger Non-Linear Programming (MINLP) problem that may be solved directly by using the OPTI Toolbox, albeit this would be time-consuming.
B. Discretized Linear Programming Approximation
Instead of solving the MINLP directly, we might opt for a linear relaxation of the original problem. Following the work in [20] , we discretize the scheduling time period of each access point into T discrete intervals, where T is κ times the number of the users. In practice, κ = 10 turns out to be sufficient to obtain an acceptable approximation of the non-linear problem. A new binary variable y αμt is introduced. If and only if the access point α is associated with the user μ and allocates t(0 ≤ t ≤ T ) time slots to user μ, we arrive at y αμt = 1. Thus, we arrive at the linear OF of
Accordingly, our linear program is then formulated as
The first constraint of (20) states that only one and exactly one AP is assigned to each user. The second and third indicate that each AP restricts its time-resource allocation to capacity. This discretized linear problem has been solved with the aid of the CPLEX solver. Then we translate the solution in (20) to the non-linear program (18) as follows:
C. A Dual Decomposition Method
We now conceive an efficient and scalable distributed algorithm for (18) . 1) Transformation: According to [20] , when the AP/user association matrix x is given, the unique optimal solution becomes p αμ = x αμ /N α , where N α = μ∈U x αμ is the number of users associated with the access point α. As a result, the optimization in (18) may be transformed to a pure association control problem, hence we now have the primal OF of:
Additionally, we have three constraints as well:
Furthermore, the dual objective g(ν) is formulated as
where L(x, N , ν) is the Lagrangian function for (22) using the constraints of (23) after relaxation of (25), yielding
where N = (N α : α ∈ C ∪ W ) constitutes a set, whose elements are given by the number of users associated with each AP, while ν = (ν α : α ∈ C ∪ W ) is the vector of Lagrangian multipliers corresponding to the constraint of (23).
2) Decomposition:
The problem of (26) is further partitioned into two sub-problems in a distributive-rather than centralized-fashion.
• On the user's side, we solve the sub-problem of maximizing S a . Since we have x αμ ∈ {0,1} and α∈C∪W x αμ = 1, for each μ ∈ U we find
Then we set x α * μ = 1. Hence we could compute the number of users N (1) associated with each AP corresponding to S a .
• On the AP's side, upon applying the Karush-Kuhn-Tucker (KKT) conditions [32] , for each α ∈ C ∪ W we have
Then we can obtain N (2) corresponding to S b .
A variable δ is introduced to reflect the difference between the resource demand S a and resource supply S b , defined as
An acceptable target difference of δ target is pre-set before iteratively solving the sub-problems. If each element of δ is smaller than the target gap, the iterations will be curtailed and the allocation result of (x,N ) is obtained; otherwise ν will be adjusted for the next iteration according to the gradient method, which is given as
where ε(i) is a sufficiently small step size in the ith iteration. In this paper, we set ε(i) = ε 0 · i 
D. Optimality Analysis
Although the convergence of the distributed algorithm may be proved analytically, e.g. in [25] , it is difficult to theoretically study how far the converged solution found is away from that of the true original problem, since the original problem contains a binary integer. Upon comparing the solutions provided by LP approximation, we experimentally study the optimality of the solution provided by the distributed algorithm, which has not been discussed in the literature.
1) Justification:
Let us now consider the relationship between the OF value Γ of the original MINLP problem (18) , the LP OF value Γ D for (20) and the solutionΓ de provided by the distributed algorithm. Since the distributed algorithm is performed after relaxing (25) , which prevents us from theoretically proving the optimality of the solutionΓ de of the problem (22), we opt for an empirical analysis of the optimality of Γ, Γ D andΓ de .
(i) NLP vs. LP: The authors of [20] have characterized the relationship between the NLP and LP formulations for any feasible solution (y) and its corresponding translation (x, p), which may be written as
(ii) NLP vs. Distributed: We would like to introduce the notation (23') for the relaxation of the problem of (22). Furthermore, we know thatΓ de upper bounds (23') [32] . Intuitively,Γ de may also upper bound (22) , since the solution of x αμ always satisfies the constraint (25) 
in the process of solving (23'). (iii) NLP, LP and Distributed: Combing (i) and (ii) above,
for any feasible pair, we may useΓ de and Γ D as the upper bound and the lower bound for the original MINLP problem, respectively. Please note that all the above discussions are here related to the resource allocation lemma detailed at the beginning of Section III-C [20] . Under this lemma (18) may be written as (22) . Fig. 3 shows the empirical optimality of our distributed algorithm with the aid of simulations relying on the parameters discussed in Section IV-A. The discretized LP approximation is implemented in our simulation scenarios and the near-optimal solution of the LP OF is shown by the dashed line in Fig. 3 . We obtain a fairly accurate solution of the distributed OF within a dozen of iterations, which is within a margin of about 1.5% from the sub-optimal LP solution. Since we may derive from (iii) that the optimal NLP OF value Γ may be between Γ D and Γ de , the difference betweenΓ de and Γ may be even smaller. This demonstrates that the distributed algorithm is capable of converging to the optimal value of the original NLP problem, whilst providing a near-optimal solution within a few dozens of iterations.
2) Implementation: As a benefit of the above optimality analysis, we opt for the distributed algorithm. Indeed, the distributed algorithm converges to a near-optimal solution significantly faster than the centralized approaches. In each iteration, each AP initializes and broadcasts a feasible price value ν α to all the users within its coverage. Here we assume that different APs use pre-allocated orthogonal frequency bands for simultaneously broadcasting ν α . Each user finds the optimal AP α * according to (28) and sends its user-identifier back to α * . Thus each AP becomes capable of calculating the user demand N (1) . At the same time, the supply vector N (2) can also be calculated by the APs. Each AP compares its supply and user demand. When the difference between the demand and supply becomes sufficiently small, the iterations are curtailed and a near-optimal solution has been found. In this way, each AP becomes capable of performing its own resource allocation. The total number of information exchange operations is proportional to (n α + n μ ), where n α and n μ denote the number of APs and users, respectively. Let us now provide an overview of the dual decomposition algorithm in form of Algorithm 1, which has been verified using our simulations.
IV. PERFORMANCE EVALUATIONS
In this section, we will present our simulation results for the LB problem, with special emphasis on the aforementioned various VLC cell formations in our hybrid VLC/WiFi system. We commence by studying the user's average throughput for different FOV and LOS blocking probability, followed by investigating the fairness both from the system's and the individual users' perspectives for the sake of characterizing the quality of service experienced by the users under different cell formation schemes.
A. Simulation Setup
A 15 m × 15 m × 3 m room model is considered, which is only covered by a VLC system including 4 × 4 uniformly distributed optical APs at a height of 2.5 m. Additionally, the room is entirely covered by an IEEE Std 802.11n WiFi AP supporting a data rate as high as 120 Mbits/s within 25 m. The parameters of the LED lamps are summarized in Table I . The normalized WiFi DL capacity p DL is assumed to be 0.8 and U = 50 users are assumed to be distributed uniformly at random during each simulation run. All of the results shown are averaged over 50 simulation runs. To be more realistic, we introduce specific modulation schemes for calculating the users' achievable throughput. For simplicity, we consider base- Signal to Interference Ratio (SIR), the maximum affordable M -PAM order capable of maintaining the target-BER can be determined. 5 Thus the attainable throughput becomes r αμ = 2B log 2 M/(1 + ρ), where the roll-off factor of the raisedcosine pulses is assumed to be ρ = 1.
B. Throughput Investigations 1) Throughput Investigations for Different FOV:
The FOV is one of the factors that is expected to significantly influence the ICI in VLC-based networks. Increasing the FOV leads to the expansion of the ICI-contaminated areas and correspondingly the employment of ICI reduction techniques may become more important. Fig. 4 shows the average user throughput of different cell formations with different FOV after performing LB in the hybrid VLC/WiFi system. We can see that the throughput provided by the merged cells is higher than the regular cell formations for both FOV values. Since the increase of FOV may result in 1) an increased probability of having user in the ICIcontaminated areas and 2) an decease of received signal power and an increase of received noise power, the average throughput is reduced in all cell formation scenarios for FOV = 120
• , 125
• . In particular, the UFR scheme is the most badly affected one upon increasing the FOV, which supports the lowest throughput, when the FOV is increased to 125
• . Furthermore, FR-2 does not change much. 5 We could also consider the joint effects of noise and interference. According to [5] , the relationship between the BER and ξ for M -PAM signals is given by
Given a certain target BER and the above-mentioned SINR value ξ, this is an alternative technique of determining the maximum PAM order M , which agrees with our simulation results. 2) LOS Blocking Analysis: As mentioned in Section I, the WiFi AP is also capable of providing seamless DL coverage, when the LOS VLC-DL receptions are blocked. We introduce the LOS blocking probability P block to represent the probability that the LOS VLC path is blocked, which may lead to a reduction of the data rate experienced by some VLC users. Then the VLC DL data rate becomes R = P block · 0 + (1 − P block ) · R. At this stage, we assume that all LOS paths are blocked with an equal probability. Fig. 5 indicates that, as expected, the average user throughput and the proportion of VLC users is reduced upon increasing the LOS blocking probability in all cell formation scenarios, hence more users are allocated to the WiFi AP. This demonstrates that the WiFi AP plays an important role in this hybrid system, especially when the LOS paths may be blocked.
C. Fairness Grade Investigations 1) Average Fairness:
Next we will analyse both the network's average fairness as well as the individual user's fairness, given a certain total throughput. The Grade of Fairness (GOF) for the network is defined as
For example, in the UFR scenario, the VLC throughput proportion of the total VLC/WiFi throughput is 95.25%, while 57.76% of the users is supported by the VLC APs, rather than by WiFi. Hence the grade of the average fairness becomes σ a = |1 − 95.25%/57.76%| ≈ 0.649. The system provides the highest grade of average fairness, when the VLC (WiFi) throughput accounts for a certain proportion of the total throughput and at the same time, the number of the VLC (WiFi) users accounts for the same proportion of the total number of users in the hybrid system. Hence for the highest possible GOF we have σ a = 0.
It is plausible that the system will provide a higher grade of average fairness, when σ a is closer to zero, provided that no multi-service requirements are considered at this stage [26] . Since the sum of VLC throughput (users) and WiFi throughput (users) constitutes the total throughput (users) of the system, the VLC system and the WiFi system provide a similar grade of average fairness. When the difference between the VLC (WiFi) throughput proportion and the fraction of VLC (WiFi) users is smaller, σ a is also reduced, i.e. the hybrid system provides a higher grade of average fairness. We know that the size of ICI-contaminated areas is significantly smaller when the FR factor is two and no ICI occurs when all the VLC APs are merged into a 16-AP cell employing VT. Hence more users are expected to be supported by VLC APs in these two scenarios compared to the UFR, CT-2 and VT-2 schemes. We can see from Fig. 6 that the VLC (WiFi) network throughput and the corresponding user-proportion are closest to each other, since the FR-2 and VT-16 scenario have a higher percentage of VLC users, as indicated by the circles in Fig. 6 . Specific values of σ a are plotted in Fig. 7 . 
2) Individual Fairness:
We will use the Service Fairness Index (SFI) of [33] to reflect the individual fairness experienced by the users. The objective of ensuring fairness amongst the users is to guarantee that all users benefit from the same throughput within a given period, provided that the users' data rate requirements are identical. However, this is often unrealistic. The SFI of [33] is introduced to represent the difference between the maximum and the minimum amongst all the users' throughput. When the SFI is low, the throughput-difference of different users is small, hence they are served fairly. By contrast, if the SFI is high, the users experiencing a lower data rate may complain about their unfair treatment. Therefore a lower SFI means a higher grade of individual fairness. The specific SFI values of the different cell formation scenarios considered are plotted in Fig. 7 . It can be clearly seen that the users' throughput-difference is the smallest in the VT-16 scheme, which is expected on the basis of Fig. 2(e) , where VT-16 provides the smoothest BE distribution.
Considering the average user throughput and fairness performance comprehensively in Fig. 7 , the merged 16-AP cell relying on VT is the most attractive one having the highest throughput as well as the highest GOF and SFI. However, its implementation complexity is also significantly higher than that of the regular designs and of CT.
D. 1 Gbis/s-Data-Rate WiFi
Since 802.11ac may support a data rate over 1 Gbits/s, it is realistic to investigate a hybrid system having a WiFi data rate of 1 Gbits/s. Fig. 8 shows the average user throughput, the throughput and user percentages in the different cell formations having a WiFi data rate as high as 1 Gbits/s and FOV = 120
• . The average user throughput is increased in all the scenarios considered. Both the percentage share of WiFi throughput and the proportion of its users are increased with the improvement of the WiFi data rate. The merged cells still provide a higher throughput, however the single 16-AP cell relying on VT may no longer have the absolute advantage in terms of its average throughput. This may provide some insights for this hybrid systems' design, when the WiFi data rate is increased.
V. CONCLUSION
In this paper, various VLC cell formation schemes and a heterogeneous system constituted by WLANs and VLC networks were investigated. We studied the regular design concept borrowed from cellular networks relying on different FR factors in VLC environments as well as of merged multi-AP cells employing either CT or ZF-based VT. To solve the essential LB problem in the context of our VLC/WiFi hybrid system, both centralized and distributed algorithms were invoked for implementing a PF scheduler. We analysed the MBE of different VLC cell formations as well as the throughput and fairness of the hybrid VLC/WiFi system. By employing a sophisticated VT among all the 16 VLC APs, the VLC network becomes capable of providing a higher MBE, while the hybrid system is capable of providing a higher average throughput without any sacrifice of the fairness, when the WiFi data rate is modest. 
